ABSTRACT
OVERVIEW OF THE LIBERAL MULTIPLE-CHOICE TEST FORMAT
Multiple-choice tests have been in use for a very long time and are likely to remain one of the primary methods of assessment. Some institutions rely on them heavily to assess the amount of factual knowledge a student has absorbed. Typically a multiple-choice test consists of a set of N questions, each of which consists of a question stem and C answer options: one of these is the correct answer and the remaining C-1 are distracters (incorrect answers).
Traditionally, students are told to pick the one option that they believe to be the correct answer per question, and their score is 1 mark if correct and 0 otherwise. This is often referred to as number-right scoring. With no disincentive to guessing, a student who knows that they don't know the answer to a question will (or should) choose an option at random. If we make the assumption that all options look equally likely, they will score an extra mark with probability 1/C. Thus a student who knows the correct answer to K questions will score K marks plus a further expected (N-K)/C marks for guesswork. The maximum mark obtainable for any given test is N, and the minimum mark is 0.
To counter the effect of inflated marks earned by guesswork, negative marking schemes were introduced. In order to ensure that a student can expect no extra marks for guesswork, each incorrect option chosen scores a mark of -1/(C-1). The maximum obtainable test mark is still N, but the minimum mark is now -N/(C-1). The expected mark for a student with no knowledge is 0, whereas, assuming 4 options, it would be 25% if numberright scoring was used instead (assuming that every question is attempted), as illustrated in Figure 1 .
A further refinement is to allow students to choose more than one option per question: this has been called the liberal or (previously) the free-choice test format, as explained in Jennings & Bush (2006) . It enables students to express partial knowledge and is designed to accommodate the situation in which a student cannot confidently choose between two or more options that s/he believes include the correct answer. Partial knowledge is the term used by Bradbard et al (2004) to describe a particular subset of all the possible responses to a single test question. Their full categorisation is:
Full knowledge: a student only selects the correct answer; Partial knowledge: a student selects the correct answer and one or two distracters; ITALICS Volume 9 Issue 2 November 2010
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Partial misinformation: a student selects one or two distracters only; Full misinformation: student selects all three distracters; Absence of knowledge: either all options are ticked or none are ticked.
The liberal/free-choice test format is referred to as the Subset Selection Technique (SST) in Jaradat and Sawaged (1986) , a term that originated in Gibbons et al, (1979) . In the words of Jaradat and Sawaged, "the superiority of SST may be attributed to two interrelated factors: the efficiency of the technique in controlling for guessing and the encouragement provided to examinees to use their partial knowledge in responding" (Jaradat & Sawaged, 1986, p369) . In other words, the test format supposedly encourages the expression of partial knowledge whenever examinees feel that they can confidently eliminate one or more distracters (but not every distracter) for a given question, but it discourages blind guessing. Within the liberal test format, the score for each question is a mark out of C-1, consisting of the sum of the marks awarded for each option selected, where C-1 marks are awarded for the correct option, and -1 mark is awarded for each incorrect option. Hence the mark for a question will be positive if the correct answer is one of those selected by the student (ie student is expressing full or partial knowledge), and will be negative if the correct option is not one of those chosen (ie the student is expressing misinformation). This marking scheme gives a maximum obtainable test mark of (C-1)N, rather than just N, and a minimum obtainable mark of -(C-1)N. Jennings & Bush (2006) compared liberal tests with traditional number-right scoring tests from a purely theoretical viewpoint. Liberal tests do not capture the richness of a situation in which a candidate believes that one out of several options are correct but with differing probabilities, but they reward students more than number-right scoring tests do in the case of partial knowledge.
In 2006, Frandsen and Schwartzbach offered a scoring strategy based on five axioms they believe to be selfevident which involves the logarithm function (Frandsen & Schwartzbach, 2006) . In their system, a student who chooses the correct answer plus one other option scores exactly half marks. While we agree that their axioms appear sensible, we feel that the complexity of their test format may prevent widespread adoption, and here we consider only the more traditional marking scheme for a liberal test format.
MOTIVATION FOR THIS WORK
Our new model (which we present more fully in the next section) arose out of our attempts to analyse and make sense of our students' responses to a series of liberal tests. We realised that we could express each student's test score (S) in terms of two other variables; one being a measure of their inclination to eliminate perceived distracters (I), the other being the proportion of options eliminated that are indeed distracters (P). The combination of I and P provides a richer picture of how the students have performed in each test than S alone. We proceeded to investigate the theoretical relationships and subsequently the empirical relationships between S, I and P, in an attempt to gain a better understanding of the liberal test format and to reassure ourselves (we hoped) that students were expressing their partial knowledge in the way that we had assumed.
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We present the rationale and details of our new model in the next section. In the subsequent sections we derive and conjecture various theoretical relationships between S, I and P, and we examine the data from two series of three liberal tests. We end with a discussion of our findings, which turned out not to give us the reassurance we had hoped for.
MODELLING THE LIBERAL TEST
In our model of the liberal test we explore the relationship between the parameters I and P which are sufficient to determine each student's score, S, for the test. Our model of the liberal test is akin to an equivalent earlier test format known as the elimination procedure (Coombs et al, 1956 ) in which students are instructed to mark as many distracters as they can identify. In a liberal test they are instructed to do exactly the opposite, but our definition of the parameters I and P represent their responses in terms of distracters eliminated.
Specifically:
• I is the student's inclination to eliminate perceived distracters, which we define as the proportion, or relative frequency, with which the student is eliminating options averaged over the whole test. We can regard this as being an indicator of their level of confidence in their knowledge and/or their attitude to risk taking. In the absence of guessing, we can also view this as representing in some sense the extent of the student's expressed knowledge (but not the correctness of their expressed knowledge).
A value of 1 would indicate only a single option being ticked for every question on the paper, corresponding to the maximum possible elimination of options -i.e. the highest possible level of confidence and/or risk taking.
• P is the proportion of answers eliminated that are actually distracters, which we view as an indication of the correctness of the student's expressed knowledge. In other words, given that the student believes the option is a distracter, P indicates the likelihood, on average, that the student is correct.
The student's actual test score (S) gives an indication of the true extent of the student's knowledge. Four categories of student behaviour are postulated in Figure 2 . The best performing students would be expected to fall within quadrant α, while more mediocre students would fall within quadrant β and γ. Students falling within quadrant δ are the worst, as will become clear later.
Liberal tests are designed to cater primarily for students in quadrant β, since students are allowed to eliminate fewer than C-1 options per question if they so choose. In a traditional multiple-choice test (with or without negative marking) they don't have this luxury.
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We now develop a model of a general liberal test using the two parameters I and P, and assuming a test with N questions and C options for each question. C is assumed to be the same for each question so that each question will have one correct answer and (C-1) distracters. Over the whole paper there will therefore be N correct answers and (C-1)N distracters.
Using the parameters I, P, N and C we can construct Table 1 which shows how the numbers of correct answers and distracters ticked and eliminated (unticked) are related. For convenience we use D to represent (C-1)N -ie the total number of distracters over the whole paper. For a particular test paper we can calculate I as the total number of options eliminated divided by D, and P would be calculated as the number of distracters eliminated divided by the total number of options eliminated. The best way to understand this table is to consider the bottom row first, which is hopefully self-evident. The second row gives algebraic expressions for the numbers of answers and distracters eliminated in terms of I and D, I being the proportion of options eliminated out of the D distracters that the student knows there must be, and also P, which is the proportion of eliminated options that are distracters. The first row can be derived simply by subtracting the second row from the third row.
Given that the scoring regime assigns (C-1) for each correct answer ticked and -1 for each distracter ticked, we may express the score, S, for each student in terms of I and P by:
The derivation of (1) is given in the appendix. Therefore, for a test with 10 questions and four options for each question:
An important property of the scoring regime is that students lacking any kind of knowledge or misinformation should score zero (on average). A positive total mark means that DI(C(P-1) + 1) > 0. We can see from this that, irrespective of I, P > (C-1)/C. If P = (C-1)/C then S = 0 and the student is guessing or the knowledge expressed is no better than someone who is guessing. If P < (C-1)/C then the total score will be negative, indicating that the student has, in some sense, shown greater misinformation than knowledge over the entire test. Thus for a typical liberal test with C=4 the critical value of P is 0.75.
Although students may well have incorrect knowledge (ie be misinformed) with respect to a small proportion of the questions in any given test, for the sake of simplicity we will regard P min in Figure 2 as being 0.75, and accept that P could conceivably be less than this. The value of P max is clearly 1, as is I max . If every question in a particular test (with C=4) was attempted then I min would be 1/3, but since students may refrain from attempting any number of questions the value of I min is actually 0, which would result in a score of 0. So a score of 0 could result from either I=0 or P=0.75 (but not both). In terms of the four quadrants shown in Figure 2 , both Student A and Student B would fall into quadrant β, but their I values are much lower than is normally found in practice (in our experience).
I and P may seem independent, but they are not. While it is always the case that I 0, a little algebra shows that for a given value of P, the maximum value of I is given by:
The derivation of (3) is given in the appendix. Figure 4 shows the case for C=4. The area to the left of the dashed vertical line produces negative test scores and to the right, positive test scores.
In the extreme, if the value of P is 0 (full misinformation) then the student will only eliminate correct answers up to the maximum of N (out of D), hence I cannot be more than 1/3 in this case. If a student eliminates more than N options (I > 1/3) then some of them must be distracters, so the value of P would increase.
We can speculate that the values of I and P are likely to be related in some other ways too. The underlying philosophy of the liberal test is that it allows and encourages students to express partial knowledge, but that it discourages blind guessing by penalising wrong answers to the extent that the expected score for guessed questions is 0. In other words, in the general situation of partial knowledge, the lower the value of I, the fewer options a student has eliminated and with fewer options eliminated the greater the likelihood that these are indeed distracters. If a student has attempted a question, the student must believe that s/he is in a situation of full or partial knowledge and in the latter case, that a higher P value is obtainable by lowering their I value. In terms of I and P, we might expect the following (with reference to Figure 2 ):
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Good students: high I and high P -corresponding to quadrant α.
Average students: low I but high P, or high I but low P -quadrants β and γ.
Poor students: low I and low P -quadrant δ. This gives a more accurate picture of the potential range of profiles of good, average and poor students as compared with our earlier discussion in relation to the four quadrants shown in Figure 2 . This confirms our intuitive notions of the relation between I and P for good and moderate students, although it also indicates that poor students could conceivably be found within quadrants β and γ as well as within quadrant δ.
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Finally, we give a theoretical consideration of how we might expect a student to approach answering a question in a liberal test. In other words, when should an option be eliminated?
Let us assume a liberal test question with four options and that the student can estimate the probability of each option being the correct answer. We label these probabilities θ 1 , θ 2 , θ 3 and θ 4 . We also assume without loss of generality that θ 1 θ 2 ≥ θ 3 θ 4 and, of course, that θ 1 + θ 2 + θ 3 + θ 4 = 1. ≥ ≥ Using +3 for a ticked answer and -1 for a ticked distracter we know that ticking all four options will give a score of 0 for the question. Eliminating the most unlikely option (ie ticking just three options) is preferable for the student if the expected mark achieved is greater than 0:
so that:
3 or put another way, θ 4 < 4 1
In a similar way, eliminating the next least likely option (i.e. ticking just two options) will be beneficial if:
from which:
-2 > θ 3 -3 + 3 θ 3 so that:
Finally, ticking just one option will be preferred if θ 2 < 4 1 .
Thus the optimal strategy for a student is to eliminate any option that has a likelihood of being correct of less than 4 1 (or C 1 in the general case) and tick the remaining options. It should be remembered that this only maximises the expected score for each question and does not take into account other factors such as attitudes to risk etc.
In order to get a better understanding of our students' behaviour when taking liberal tests (rather than of their thoughts about the test format, which had been gathered previously (Bush, 2001) ), a small empirical investigation was undertaken.
THE EMPIRICAL INVESTIGATION
During the 2008/09 academic year, students studying two units on an undergraduate degree course in computing were summatively assessed using liberal multiple-choice tests. (We have been using this test format for summative assessment within these and other units for many years, so there were no ethical concerns.) In each unit, student assessment included four such tests with the best three marks obtained by each student being included in their final unit mark. In the first unit, 15 students completed all four tests and in the second there were 14 such students. Some (in fact there were 8) of these students were included in both sets, but we ignored this in our analysis and have assumed a combined sample size of 29 students.
The scores achieved by the students across all four tests in both units are shown in Figures 6 and 7 in the form of boxplots.
In Figure 6 , the boxes show the middle 50% of observations and the horizontal line within the box is the median score. The vertical lines show the extent of the remaining observations. The median scores for each test are not significantly different when tested using the non-parametric Kruskal-Wallace test of the equality of medians for two or more populations (a non-parametric equivalent of a one-way analysis of variance) although there is much greater variation in the scores for the final test.
In Figure 7 the median scores are significantly different. The level of significance, p, is 0.002 which is well below the standard indicator of significance (p = 0.05). This might indicate that test 1 was somewhat easier for students to answer than the other tests, or that test 4 was much harder or possibly that students were not consistent in the amount of time spent revising for each test. In fact, since for each unit only the three best test scores were counted for final assessment purposes, the results for test 4 may be a little unreliable as students who had already scored well may not have put as much effort into preparing for this final test. For this reason, only data from the first three tests in each unit were used for the remaining analysis.
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The sample of 29 students each took 3 liberal tests, and calculating each of the resulting 87 I and P pairs and superimposing them onto Figure 2 (re-scaled) gives Figure 8 .
There is no obvious association between I and P exhibited in Figure 8 even allowing for the replication of some plotted data points. Calculating the Pearson product moment correlation coefficient for I, P and S gives the results shown in Table 2 . The only significant relationship is that between S and P and this data shows no significant linear correlation between I and P. This is somewhat surprising as it indicates that knowing the I value for a student provides little information as to the test score of the student whereas the test score is almost entirely dependent on P.
To explore this further, for each of the 29 students we calculated their average I and P value together with their average test score. The students were then ranked in terms of their test score and the group then partitioned into the 'good' students (as determined by an average score of 20 or more), the 'average' students (with an average score of 10 or more but less than 20) and the remaining 'poor' students. Plotting their average I and P values gives Figure 9 .
It should be noted here that the boundary lines are equivalent to those plotted in Figure 5 ; that points appearing marginally on the wrong side of a boundary line would appear on the line (and hence in the correct group) when the calculated fractional mark is rounded up; and that only 28 points appear on the diagram since two points have identical I and P values. 
DISCUSSION
In our empirical study we found that although P and S were highly correlated, I and S were uncorrelated. In other words, a student's inclination to eliminate perceived distracters -which one might view as an indicator of their level of confidence and/or attitude to risk taking -seems to have no bearing on their test score.
It seems to us that most of our students should have had some partial knowledge with respect to at least some of the questions in each of the tests we gave them. We had anticipated seeing evidence of students reducing their I value by selecting more than one option for certain questions (i.e. not eliminating all of the distracters), thereby increasing their P value. Bearing in mind that the students were able to see their marked tests soon after taking them, we reasoned that as they gained experience with the test format some of the students (at least) might realise that they could score higher marks by taking fewer risks. In other words, we expected to see the average value of I declining and the average value of P increasing for each subsequent test. We were wrong.
To score very high marks obviously requires high I as well as high P. However, we found that all studentsincluding some very weak ones -seemed inclined to consistently eliminate distracters to a far greater extent than we had anticipated.
At the moment we can only speculate as to why this might be the case. It is possible that this was either due to the weaker students being more willing to take risks (perhaps because they felt that this might give them a better chance of passing the unit) or because they were in a position of full or partial misinformation with regard to several questions (i.e. misplaced confidence in their answer choices), or a combination of the two. A third possibility is that students who lack confidence in their ability to spot what they perceive as the right answer are adopting what, in game theory terms, is a classical mini-max strategy i.e. minimising the worst possible outcome. In a liberal test a student can score +3 or -1 by only ticking one option (i.e. eliminating three answers) whereas by ticking three options they may score +1 or -3. In the absence of a detailed estimation of probabilities and in a stressful test environment, students may make a judgement that when there is doubt, losing only one mark is preferable to the possibility of losing three. Which, if any, of these explanations is correct will require further research.
We have shown that students should, in theory, tick any option for which the estimated probability of it being correct is greater than C 1 . It can of course be very difficult to judge the likelihood of an answer being correct with much accuracy so perhaps a more pragmatic strategy for a student is to first read each answer option (without reading the question stem) so that they are all perceived as equally likely answers. Now if the question stem is read, some options will hopefully seem to become more likely and so should be ticked and others less likely which can be eliminated. What this research does emphasise is the importance of a clear test rubric which gives the student an understanding of how to go about answering the questions.
In general we found that I values were higher than we had expected and since a similar range of I values was shown by strong, weak and average students in our study, it appears that the extra richness offered by allowing them to choose more than one option did not significantly affect their scores. In particular, our study ITALICS Volume 9 Issue 2 November 2010 ISSN: 1473-7507
has not shown that high ability students are better judges of their level of knowledge, and hence better able to benefit through the expression of partial knowledge. This conflicts with the findings of other similar studies (Alnabhan, 2002; Ben-Simon et al, 1997; Jaradat & Sawaged, 1986) .
We are left doubting whether the liberal test format does in fact provide the benefits that have previously been claimed.
APPENDIX
Derivation of equation (1) For an N question test with C options for each question we get the following (see Table 1 
